Note on reflection symmetry in stationary axisymmetric electrovacuum
  spacetimes by Pachon, Leonardo A. & Sanabria-Gómez, José D.
ar
X
iv
:g
r-q
c/
06
03
08
1v
3 
 1
8 
N
ov
 2
00
6
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Abstract. Recently Kordas (1995 Class. Quantum Grav. 12 2037) and Meinel
and Neugebauer (1995 Class. Quantum Grav. 12 2045) studied the conditions
for reflection symmetry in stationary axisymmetric space–times in vacuum. They
found that a solution to the Einstein field equations is reflectionally symmetric
if their Ernst’s potential E(ρ = 0, z) = e(z) on a portion of the positive z-
axis extending to infinity satisfies the condition e+(z)e
∗
+(−z) = 1. In this
note, we formulate an analogous conditions for two complex Ernst potentials in
electrovacuum. We also present the special case of rational axis potentials.
PACS numbers: 04.20.Jb, 04.40.Nr, 95.30.Sf, 02.30.Em
It is well known that a metric manifold (M,h) is asymptotically flat if another
manifold exists, i. e. (M˜, h˜) with M˜ = M∪ Λ, and their metrics are related by
a transformation of the form hij → h˜ij = Ω
2hij , where Λ is the point added to the
initial manifold to represent infinity. In case of a stationary axisymmetry, the h
metric of manifold M in Weyl-Papapetrou’s coordinates has the form
ds2 = −F (dt− ωdφ)2 + F−1
[
e2γ(dρ2 + dz2) + ρ2dφ2
]
, (1)
where F, ω, and γ are functions of ρ and z only. We shall analyze the reflection
condition by using the Ernst’s potentials E and Φ [3] defined as
E = F + iΨ− ΦΦ∗ , Φ = A4 + iA
′
3 , (2)
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where ∗ denotes usual complex conjugation. A
′
3 and Ψ satisfy
ρ−1f(∇A4 − ω∇A3) = eˆφ ×∇A
′
3 , (3)
∇ · {f−2[∇Ψ+ 2Im(Φ∗∇Φ)]} = 0 , (4)
where A4 and A3 denote the time and azimuthal component of the electromagnetic
four-potential Aα, and ∇ is the usual three dimensional divergence operator in Weyl
coordinates. Using the Ernst’s potentials E and Φ the Einstein-Maxwell’s equations
becomes
F = Re E + ΦΦ∗, (5)
∇ω = ρF−2[eˆφ ×∇Ψ+ 2eˆφ × Im(Φ
∗∇Φ)], (6)
γ,ρ =
ρ
4(Re E + ΦΦ∗)2
[(E,ρ + 2Φ
∗Φ,ρ)(E
∗
,ρ + 2ΦΦ
∗
,ρ)−
− (E,z + 2Φ
∗Φ,z)(E
∗
,z + 2ΦΦ
∗
,z)]−
ρ(Φ,ρΦ
∗
,ρ − Φ,zΦ
∗
,z)
Re E + ΦΦ∗
,
γ,z =
ρRe[(E,ρ + 2ΦΦ
∗
,ρ)(E
∗
,z + 2ΦΦ
∗
,z)]
2(ReE + ΦΦ∗)2
−
2ρRe(Φ∗,ρΦ,z)
Re E + ΦΦ∗
. (7)
Physically, when a manifold M has an orthogonal symmetry plane to the z-axis,
the multipolar moments of even order are real and those of odd order are purely
imaginary. Because a multipole structure defines a space–time uniquely, it is possible
to formulate a necessary and sufficient condition for a space–time to be reflectionally
symmetric in terms of multipole moments. In that sense, we introduce the complex
Ernst’s potentials ξ and q, which are the analogous of Newtonian gravitational
potential and Coulomb potential respectively,
E =
1− ξ
1 + ξ
, Φ =
q
1 + ξ
. (8)
Since the multipolar structure of a solution is calculated at infinity [4], the h˜ metric
is used and the coordinate transformations ρ¯ = ρ/(ρ2+z2), z¯ = z/(ρ2+z2) and φ¯ = φ
are introduced to bring infinity at the origin of the axes. Choosing the conformal
factor Ω = r¯2 = ρ¯2 + z¯2 , the ξ and q potentials transform as
ξ˜ = Ω−1/2ξ, q˜ = Ω−1/2q. (9)
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Because of the axisymmetry, the components of the tensorial moments are multiples
of the corresponding scalar moments, which are the projection of the tensorial
moments on the axis of symmetry [4]. The scalar moments are calculated as the
coefficients in power series of ξ˜ and q˜ in terms of ρ¯ and z¯. By using the recursive
expressions (20) and (21) from [5], these coefficients are determined by their form on
the symmetry axis, therefore
ξ˜(ρ¯ = 0) =
∞∑
i=0
miz¯
i, q˜(ρ¯ = 0) =
∞∑
i=0
qiz¯
i. (10)
Using these findings and the fact that if the multipole moments are real (imaginary)
on the symmetry axis then they are also real (imaginary) in the whole space (see [1]
for a proof of this statement in the vacuum case, the electrovacuum generalisation is
straightforward), we assume that our analysis on the symmetry axis is valid for the
whole space–time, therefore we need to focus exclusively on the symmetry axis.
It is easy to verify in (5), (6) and (7) that if A3 and A4 are either both odd or both
even functions of z then it is consistent with the reflection symmetry of the metric
functions. We analyze these two cases assuming that they are the only physically
relevant ones [6], and we derive conditions for the Ernst potentials on the symmetry
axis. Finally, in order to obtain reflectionally symmetric solutions we derive general
expressions for these conditions.
First case. A3 and A4 are both even functions of z.
To obtain the conditions for Ernst potentials in the reflectionally symmetry case, we
assume that the metric is also reflectionally symmetric and derive these conditions
from field equations. From (3), (5) and (6) it is clear that if F , ω, A3 and A4
are reflectionally symmetric the Ernst’s potentials satifies E(ρ,−z) = E∗(ρ, z) and
Φ(ρ,−z) = Φ∗(ρ, z) and, from (7), γ is also reflectionally symmetric. Using these
conditions in (8) we have that ξ(ρ,−z) = ξ∗(ρ, z) and q(ρ,−z) = q∗(ρ, z); moreover
ξ˜ and q˜ satisfy ξ˜(ρ,−z) = ξ˜∗(ρ, z) and q˜(ρ,−z) = q˜∗(ρ, z).
When these conditions are applied to the symmetry axis, the metric functions are
reflectionally symmetric if the Ernst’s potentials obey the functional relations
e+(z)e
∗
+(−z) = 1 , f+(z) = −f
∗
+(−z)e+(z) , (11)
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for a portion of the positive z-axis extending to infinity, e+ and f+. This guarantees
that the operation z → −z (or equivalently z¯ → −z¯) has the effect of ξ˜ → ξ˜ and
q˜ → q˜. Hence the coefficients of ˜¯ξ and q˜ satisfy the reflection symmetry condition
in a neighbourhood of Λ and the positive part of the axis if the Ernst’s potentials
satisfy (11).
When the Ernst’s potentials of the metric h can be written as rational functions in
Weyl coordinates, for a portion of the positive z-axis extending to infinity, e+ and
f+, they will have the form
e(z) =
zN +
∑N
j=1(−1)
jΥjz
N−j
zN +
∑N
j=1Υ
∗
jz
N−j
, f(z) =
∑N
j=1(−i)
j+1Λjz
N−j
zN +
∑N
j=1Υ
∗
jz
N−j
, (12)
with Υk = Dk + iSk, and Dk, Sk, Λk ∈ R.
Second case. A3 and A4 are both odd functions of z.
Following a similar procedure similar to the one used in the previous case, it is
possible to show that ξ˜(ρ,−z) = ξ˜∗(ρ, z) and q˜(ρ,−z) = −q˜∗(ρ, z). The reflection
symmetry conditions for this case are given by
e+(z)e
∗
+(−z) = 1 , f+(z) = f
∗
+(−z)e+(z) . (13)
Anologuos to (12), if the Ernst’s potentials can be written as rational functions in
Weyl coordinates, then they could be written as
e(z) =
zN +
∑N
j=1(−1)
jΥjz
N−j
zN +
∑N
j=1Υ
∗
jz
N−j
, f(z) =
∑N
j=1(−i)
j+2Λjz
N−j
zN +
∑N
j=1Υ
∗
jz
N−j
, (14)
with Υk = Dk + iSk, and Dk, Sk, Λk ∈ R.
This second case can be obtained by the analytic continuation Λ→ iΛ in (12), which
means that our initial reflection symmetry condition, i. e. multipolar moments of
even (odd) order are real (imaginary), is not satisfied for electromagnetic multipole
moments. Instead, it satisfies the fact that multipolar moments of even (odd) order
are imaginary (real). Monopole magnetic and dipole electric fields are examples of
this second case.
Conditions shown in (11) and (13) represent the relativistic generalisation of the
classical fact that solutions to the Laplace equation vanishing at infinity and having
L. A. Pacho´n and J. D. Sanabria-Go´mez 5
reflection symmetry with respect to the plane z = 0 are characterised by a potential
which is an odd function of z on the upper part of the z = 0 axis. An additional study
of the structure of the Ernst’s potential (12) and (14) could show that the parameters
Dk, Sk, and Λk admit a clear physical interpretation. On the other hand, since it
is conjectured, all the relevant astrophysics objects are reflectionally symmetry and
their gravitational field should be studied by means of analytical exact solutions to
the Einstein-Maxwell’s equations.
Thus, explicit relations between the parameters of the Ernst’s potentials and the
coefficients mi and qi (Eq. 10), could provide a useful way to built exact solutions
which describe astrophysical objects, such as galaxies or neutron stars. We use
a more suitable representation of Λj parameters, i.e. Λ2j+1 = (−i)
−j−1V2j+1 and
Λ2j = (−i)
−jE2j compared to those in (12) to obtain the following explicit relations
m2n = −
n−1∑
l=0
m′2n−2l−1S2l+1 −
n∑
r=1
m2n−2rD2r +D2n+1 (15)
m′2n+1 =
n∑
l=0
m2n−2lS2l+1 −
n−1∑
r=0
m′2n−2r−1D2r+2 − S2n+2 (16)
q2n = −
n−1∑
l=0
q′2n−2l−1S2l+1 −
n∑
r=1
q2n−2rD2r + V2n+1 (17)
q′2n+1 =
n∑
l=0
q2n−2lS2l+1 −
n−1∑
r=0
q′2n−2r−1D2r+2 − E2n+2 , (18)
wherem′2n+1 and q
′
2n+1 are the imaginary part ofm2n+1 and q2n+1 respectively. Notice
that the imaginary part ofm2n and q2n and the real part ofm2n+1 and q2n+1 vanish by
reflection symmetry condition. The parameters Dj and Sj are related with the mass
and the angular moment multipoles and Vj and Ej with the electric and magnetic
ones. The sets of expressions (15)-(18) and expressions (24) and (25) from [5] allow
us to calculate the higher order multipoles moments as function of the lower ones It
is also possible to derive analogous expressions for for the Ernsts potentials (14).
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